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Abstract
We consider completely regular Hausdorff spaces. In this paper we investigate the space of prob-
ability Radon measures P(X) on a space X and the property to be a Prohorov space. We prove that
the space P(X) is sieve-complete if and only if X is sieve-complete. Every mapping ϕ :X → Y
generates the mapping P(ϕ) :P(X) → P(Y ). Some properties of the mapping P(ϕ) are studied. In
particular, we investigate under which conditions the open continuous image of a Prohorov space is
Prohorov.
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1. Definitions and preliminary results
The paper uses the terminology from [17]. All spaces are assumed to be completely
regular and Hausdorff.
Let βX denote the Stone– ˇCech compactification of a space X, clX A or clA denote the
closure of a set A in a space X, |Y | denote the cardinality of a set Y , R denote the space
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M.M. Choban / Topology and its Applications 153 (2006) 2320–2350 2321of reals, N = {1,2, . . .} denote the discrete space of natural numbers, I = [0,1] be the unit
interval, w(X) denote the weight of a space X.
A family ξ of open subsets of a space X is called a base for the space X at a subset L ⊆
X if for every open set V ⊆ X which contains L there exists U ∈ ξ such that L ⊆ U ⊆ V .
The cardinal χ(X,L) = min{|ξ |: ξ is a base of X at a set L} is called the character of a set
L in X.
A space X is called of countable type if for every compact subset H ⊆ X there ex-
ists a compact subset Φ of countable character in X such that H ⊆ Φ . A space X is of
pointwise countable type if every point x ∈ X is contained in a compact subset Φ(x) of
countable character in X (see A. Arhangel’skii [4,6]).
Let X be a space. By Bo(X) we denote the σ -algebra of Borel subsets of X, by Ba(X)
we denote the σ -algebra of Baire subsets of X, by C(X) we mean the ring of all real-valued
continuous functions on X and by C0(X) we denote the Banach space of all continuous
real-valued bounded functions on X with the sup-norm ‖f ‖ = sup{|f (x)|: x ∈ X}. Let
Z(X) = {f−1(0): f ∈ C(X)} be the family of zero-sets of X.
There exists a unique isomorphism β :C0(X) → C(βX) = C0(βX) such that βf |X =
f for every f ∈ C0(X), where βf is the continuous extension of the function f on βX.
Let X be a space, Y be a subspace of X, γ = {γn = {Uβ ∈ Bn}: n ∈ N} be a sequence
of families of open sets in the space X and p = {pn :Bn+1 → Bn: n ∈ N} be a sequence of
mappings. A sequence β = {βn ∈ Bn: n ∈ N} is called a c-sequence if βn = pn(βn+1) for
any n ∈ N . For every sequence β = {βn ∈ Bn: n ∈ N} we put H(β,γ,p) =⋂{Uβn : n ∈
N}. A sequence β = {βn ∈ Bn: n ∈ N} is called an m-sequence if β is a c-sequence and
H(β,γ,p) is a non-empty compact subset of X. Consider the following conditions.
SC1. γ1 is an open cover of X and Uβ =⋃{Uλ: λ ∈ p−1n (β)} =
⋃{clX Uλ: λ ∈ p−1n (β)}
for all n ∈ N and β ∈ Bn.
SC2. If β = {βn ∈ Bn: n ∈ N} is a c-sequence and H(β,γ,p) = ∅, then β is an m-
sequence and {Uβn : n ∈ N} is a base of X at a set H(β,γ,p).
SC3. Every c-sequence is an m-sequence.
SC4. γ1 is a cover of Y ,
⋃{Uλ: λ ∈ p−1n (β)} ⊆ Uβ and Uβ ∩Y ⊆
⋃{Uλ: λ ∈ p−1n (β)} for
every n ∈ N and every β ∈ Bn.
SC5. If β = {βn: n ∈ N} is a c-sequence, then H(β,γ,p) ⊆ Y .
Definition 1.1. A pair (γ,p) is called an A(k)-sieve on X if it satisfies the conditions SC1
and SC2. An A(k)-sieve (γ,p) is complete if it satisfies the condition SC3.
Definition 1.2. A space X is called an A(k)-space if X has an A(k)-sieve.
Definition 1.3. A space X is called sieve-complete, or a complete A(k)-space, if X has a
complete A(k)-sieve.
Definition 1.4. A subset Y of a space X is called a Wδ-subset of X if there exist a sequence
γ = {γn = {Uβ : β ∈ Bn}: n ∈ N} of families of open subsets of X and a sequence of
mappings p = {pn :Bn+1 → Bn: n ∈ N} with the properties SC4 and SC5.
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Definition 1.5. A mapping f :X → Y of a space X into a space Y is called uniformly
A-complete if there exist a sequence γ = {γn = {Uβ : β ∈ Bn}: n ∈ N} of open covers of
X and a sequence of mappings p = {pn :Bn+1 → Bn: n ∈ N} such that:
SC1. Uβ =⋃{Uλ: λ ∈ p−1n (β)} =
⋃{clX Uλ: λ ∈ p−1n (β)} for every n ∈ N and every
β ∈ Bn.
SC2. If y ∈ Y , f−1(y) = ∅, Bn(y) = {β ∈ Bn: Uβ ∩ f−1(y) = ∅ and pny = pn|Bn(y),
then (γ (y),p(y)) = ({γn(y) = {Vβ = Uβ ∩ f−1(y): β ∈ Bn(y)}: n ∈ N}, {pny : n ∈
N}) is a complete A(k)-sieve on the subspace f−1(y).
Every compact mapping is uniformly A-complete. Every continuous mapping of a
sieve-complete space is uniformly A-complete. Every ˇCech complete space is sieve-
complete.
The A(k)-spaces and the sieve-complete spaces were introduced by H.H. Wicke and
J.M. Worrell [39,38] and were studied in [11–14] (see also [3–8]).
Z. Frolik [19] has proved that a space X is paracompact ˇCech complete if and only if
there exists a perfect mapping f :X → Y onto a complete metric space Y .
Every p-space (see A. Arhangel’skii [8]) is an A(k)-space. A space X is a paracompact
p-space if and only if there exists a continuous perfect mapping f :X → Y onto a metric
space Y (see [8]).
2. Baire measures
Let X be a space.
A Baire measure defined on X is a non-negative function μ : Ba(X) → R with the fol-
lowing properties:
M1. μ(∅) = 0.
M2. If A,B ∈ Ba(X) and A∩B = ∅, then μ(A∪B) = μ(A)+μ(B).
Let μ be a Baire measure on X. Then for every function f ∈ C0(X) the integral ∫ f dμ
is defined, and there exists a unique linear non-negative functional uμ :C0(X) → R such
that uμ(f ) =
∫
f dμ for every f ∈ C0(X). The operation of integration defines a one-
to-one order-preserving correspondence between the Baire measures on X and the non-
negative linear functionals on C0(X) (see [36]).
Equip the space Mb(X) of all Baire measures with the topology of weak convergence.
The weak topology on Mb(X) is the weakest topology for which μα → μ if and only if∫
f dμα →
∫
f dμ for every f ∈ C0(X).
Let μ be a Baire measure on X. Then there exists a unique Baire measure βμ on
βX such that
∫
βf dβμ = ∫ f dμ for every f ∈ C0(X). Since β :C0(X) → C(βX) is
an isomorphism, the correspondence β :Mb(X) → Mb(βX) is one-to-one, additive and
order-preserving.
M.M. Choban / Topology and its Applications 153 (2006) 2320–2350 2323Theorem 2.1. The following assertions are equivalent for a Baire measure μ ∈ Mb(X):
(1) μ is σ -additive: if {An ∈ Ba(X): n ∈ N} and An ∩ Am = ∅ for n = m, then
μ(
⋃{An: n ∈ N}) =∑{μ(An): n ∈ N}.
(2) If H ∈ Z(βX) and H ∩X = ∅, then βμ(H) = 0.
(3) If H1,H2 ∈ Ba(βX) and H1 ∩X = H2 ∩X then βμ(H1) = βμ(H2).
(4) βμ(H) = μ(H ∩X) for any H ∈ Ba(βX).
Proof. Follows from Theorem 2.1 from [23]. 
Let L(X) be the space of all continuous linear functionals u :C0(X) → R in the
topology of weak convergence. Then Mb(X) is a subspace of the space L(X). Let
‖u‖ = sup{|u(f )|: f ∈ C0(X), ‖f ‖  1}. If μ ∈ Mb(X), then ‖μ‖ = μ(X). The met-
ric d(u, v) = ‖u− v‖ generates on L(X) the topology of uniform convergence.
3. Borel measures
Let X be a space.
A Borel measure defined on X is a non-negative function μ : Bo(X) → R with the fol-
lowing properties:
M1. μ(∅) = 0.
M2. If {An ∈ Bo(X): n ∈ N} and An ∩ Am = ∅ for all n = m, then μ(⋃{An: n ∈ N}) =∑{μ(An): n ∈ N}.
M3. μ(H) = sup{μ(L): L ⊆ H, L ∈ Ba(X)}.
If μ is a Borel measure on X then μ = μ|Ba(X) is a unique Baire measure on X such
that:
• μ(L) = μ(L) for any L ∈ Ba(X);
• μ(H) = sup{μ(L): L ⊆ H, L ∈ Ba(X)} for every H ∈ Bo(X).
Thus for every Borel measure μ on X there exists a unique Borel measure βμ on βX
such that μ(H ∩ X) = βμ(H) for every H ∈ Bo(βX). Moreover, if F ⊆ βX \ X and
F ∈ Bo(βX) then βμ(F) = 0 and βμ(H) = sup{βμ(L): L ⊆ H, L ∈ Ba(βX)} for every
H ∈ Bo(βX).
Let μ be a Borel measure on X. The set suppβX(μ) =
⋂{F : F is closed in βX and
μ(X) = μ(F ∩X) = βμ(F)} is the complete support of μ and suppX(μ) = X∩suppβX(μ)
is the support of μ.
For every Borel measure μ on X we have clβX suppX(μ) = suppβX(μ). Every point-
finite family of open subsets of the subspace suppX(μ) is countable (see [14]).
Denote by M(X) the family of all Borel measures on X. If we identify μ ∈ M(X)
with μ, then M(X) ⊆ Mb(X). On M(X) we consider the topology of weak convergence.
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Let X be a space.
A Borel measure μ on X is called a tight measure, or a Radon measure, if for every
ε > 0 there exists a compact subset Kε ⊆ X such that μ(X \Kε) < ε.
Denote by Mr(X) the family of all Radon measures on X.
We put P(X) = {μ ∈ Mr(X): μ(X) = 1}.
A measure μ on X is tight if and only if μ(H) = sup{μ(F): F ⊆ H, F is a compact
subset of X} for any H ∈ Bo(X).
A subset Φ of the space M(X) is called uniformly tight if for every ε > 0 there exists a
compact subset F of X such that μ(X \ F) < ε for all μ ∈ Φ .
If Φ is a uniformly tight subset of M(X) then Φ ⊆ Mr(X).
A subset B of a space Y is relatively compact in Y if the closure clY B is compact.
If Φ is a relatively compact subset of the space Mr(X) then sup{‖μ‖: μ ∈ Φ} < ∞ (see
[35–37]).
Definition 4.1. A space X is called a Prohorov space if every compact subset of P(X) is
uniformly tight.
The following assertion is obvious.
Proposition 4.2. For a space X the following conditions are equivalent:
(1) X is a Prohorov space.
(2) Every relatively compact subset of Mr(X) is uniformly tight.
The class of Prohorov spaces was studied by many authors (see [1,9,10,14,16,18,20–
23,25,28,35–37]). Theorem V.4 of A.D. Alexandroff [1] affirms that every locally compact
space is Prohorov. The fundamental properties of Prohorov spaces were established in [22,
23,25,30,35]. In [14] it was proved that a Wδ-subspace of a Prohorov space is Prohorov.
Hence every sieve-complete space is Prohorov.
For every x ∈ X we consider the measure δx ∈ P(X), where δx(L) = 1, if x ∈ L, and
δx(L) = 0, if x /∈ L, for any L ∈ Bo(X). The mapping x → δx is an embedding of X in
P(X) and the set {δx : x ∈ X} is closed in P(X).
We put Mnr (X) = {α1δx1 + α2δx2 + · · · + αnδxn : x1, x2, . . . , xn ∈ X, αi  0 for every
i  n and α1, α2, . . . , αn ∈ R}, Mωr (X) =
⋃{Mnr (X): n ∈ N}, Pω(X) = P(X)∩Mωr (X).
The set Mωr (X) is dense in Mr(X) and the set Pω(X) is dense in P(X).
Example 4.3. Let X be a first countable space and X =⋃{Fn: n ∈ N}, where each Fn
is a closed nowhere dense subset of X. Assume that Fn ⊆ Fn+1. Fix a point x0 ∈ F1,
a decreasing neighborhood base {Vnx0: n ∈ N} for x0 in X and a sequence {xn ∈ Vnx0 \
(Vn+1x0 ∪ Fn): n ∈ N}. Suppose that for each n, Wn is an open set such that xn ∈ Wn ⊆
clX Wn ⊆ Vnx0 \ (Vn+1x0 ∪Fn). We put Φ1 = F1 \⋃{Wn: n ∈ N}, Φ2 = (F2 \⋃{Wn: n
2})∪{x1}∪F1, . . . ,Φn = (Fn\⋃{Wm: m n})∪{xn−1}∪⋃{Fi : i < n}. Put H1 = Φ1 and
Hn+1 = Φn+1 \Φn for each n ∈ N . Each set Φn is closed and nowhere dense, xn ∈ Hn+1 ⊆
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then the set L = {x0, x1, . . . , xn, . . .} is γ -discrete. By construction, we have that X =⋃{Hn: Hn ∩ L = ∅}. From this construction it follows that the proof of the existence of
the set P in the proof of Lemma 4.1 from [23] is not convincing. This method is useful in
the supplementary condition that X is a Baire space.
We affirm that the assertions of Lemma 4.1 from [23] are true.
Lemma 4.4. Let X be a space, W be an open non-empty subset of X, {Fn: n ∈ N} be
a sequence of closed nowhere dense subsets of X and suppose that for every open non-
empty subset U ⊆ W there exists a non-empty nowhere dense compact subset F(U) ⊆ U
of countable character in X. Then there exist a subset P of X and a continuous mapping
ϕ :βX → Y onto a metrizable space Y such that P = ϕ−1(ϕ(P )) ⊆ W , the set ϕ(P ) is
homeomorphic to the space Q of rational numbers, and P ∩ Fn is a compact subset of Y
for each n ∈ N .
Proof. Suppose that Fn ⊆ Fn+1 for any n ∈ N . Let N1 = {(1)},Nm = {(1, n2, . . . , nm):
n2, . . . , nm ∈ N} for each m  2,Γn =⋃{Ni : i  n} for every n ∈ N , and Γ =⋃{Ni :
i ∈ N}.
By induction we construct nowhere dense non-empty compact subsets Φα , α ∈ Γ , open
subsets Uα , α ∈ Γ and continuous mappings ϕn :βX → Yn, n ∈ N with the following
properties:
(1) U(1) = W and clX U(1,1) ⊆ W .
(2) If α = (1, n2, . . . , nk) and β = (1, n2, . . . , nk,1), then clX Uβ ⊆ Uα .
(3) If k  1 and α = (1, n1, . . . , nk−1) ∈ Nk , then Φα ⊆ X\Fk , the family {U(1,n2,...,nk−1,n):
n ∈ N} is a base of X at Φα , clX U(1,n2,...,nk−1,n+1) ⊆ U(1,n2,...,nk−1,n), and
U(1,n2,...,nk−1,n) \ clX U(1,n2,...,nk−1,n+1) = ∅ for every n ∈ N .
(4) If k  2, α = (1, n2, . . . , nk−1) ∈ Nk−1 and β = (1, n2, . . . , nk−1, nk) ∈ Nk , then Φβ ⊆
clX U(1,n2,...,nk,1) ⊆ U(1,n2,...,nk−1,nk) \ clX U(1,n2,...,nk−1,nk+1).
(5) If k  n and α ∈ Nk , then ϕ−1n (ϕn(Φβ)) = Φβ and ϕn(Φβ) is a singleton.
(6) Yn is a metrizable space for each n ∈ N .
Let n = 1. Fix an open non-empty subset U(1,1) of X such that clX U(1,1) ⊆ W \F1. Then
there exist a non-empty nowhere dense compact subset Φ(1) = F(U(1,1)) and a sequence
{U(1,n): n ∈ N} of open subsets of X such that {U(1,n): n ∈ N} is a base of X at the set Φ(1)
and clX U(1,n+1) ⊆ U(1,n) ⊆ X \ F1, U(1,n) \ clX U(1,n+1) = ∅ for each n ∈ N . There exists
a continuous mapping ϕ1 :βX → Y , such that Y1 ⊆ [0,1], ϕ−11 (ϕ1(Φ(1))) = Φ1 = ϕ−11 (0).
Suppose that n  2, and the sets Φα , Uβ , α ∈ Γn−1, β ∈ Γn and the mappings
ϕi , i  n − 1 are already constructed. Fix α = (1,m2, . . . ,mn−1) ∈ Nn−1 and β =
(1,m2, . . . ,mn−1,mn). Then there exists a non-empty nowhere dense compact subset
Φβ of X of countable character in X such that Φβ ⊆ (Uβ \ clX U(1,m2,...,mn−1,mn+1)) ∩
(X \ Fn+1) and ϕi(Φβ) is a singleton subset of Yi for each i  n. Fix an open base
{U(1,m2,...,mn,m): m ∈ N} of X at Φβ such that U(1,m2,...,mn,1) ⊆ Uβ \
(clX U(1,m ,...,m ,mn+1) ∪ (X \ Fn+1)) and clX U(1,m ,...,mn,m+1) ⊆ U(1,m ,...,mn,m),2 n−1 2 2
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tion ψβ :βX → [0,1]β such that ψ−1β (ϕβ(Φβ)) = Φβ = ϕ−1β (0) and X \ U(1,m2,...,mn,1) ⊆
ψ−1β (1). Consider the continuous mapping ϕn+1 :βX → Yn+1 = ϕn+1(βX) ⊆ Yn ×∏{[0,1]β : β ∈ Nn}, where ϕn+1(x) = (ϕn(x), (ψβ(x): β ∈ Nn)) for each x ∈ βX.
Now we see that the objects Φα , Uα , ϕn, α ∈ Γ , n ∈ N are constructed.
We put Pn = ⋃{Φα: α ∈ Γn} and P = ⋃{Pn: n ∈ N} = ⋃{Φα: α ∈ Γ }. Consider
the continuous mapping ϕ :βX → Y = ϕ(βX) ⊆∏{Yn: n ∈ N}, where ϕ(x) = (ϕn(x):
n ∈ N).
The following properties are obvious:
(7) ϕ−1(ϕ(Φβ)) = Φβ and ϕ(Φβ) is a singleton for every β ∈ Γ .
(8) If α,β ∈ Γ and α = β , then ϕ(Φα) = ϕ(Φβ).
(9) If β = (1, n2, . . . , nk−1) ∈ Γ , y(β) = ϕ(Φβ) and βn = (1, n2, . . . , nk−1, n), then the
sequence of points {y(βn) = ϕ(Φβn): n ∈ N} converges to y(β).
(10) The set Pn is compact and P ∩ Fn ⊆ Pn for each n ∈ N .
By construction the set ϕ(P ) is countable, dense in itself and metrizable. By virtue
of the well-known theorem of Sierpinski (see [31] or [24, p. 287]) the subspace ϕ(P ) is
homeomorphic to the space Q of rationals. The proof is complete. 
A space is called scattered if it contains no non-empty dense in itself subspaces (see
[17,24]).
A space X is called k-scattered if for every non-empty closed subspace Y of X there
exists a non-empty open subset U of Y such that clX U is compact. Every scattered space
is k-scattered. Moreover, every k-scattered space is a Baire space.
Lemma 4.5. For every space X there exists a unique open subspace X of X such that:
(1) X is a k-scattered space.
(2) If Y is an open k-scattered subspace of X, then Y ⊆ X.
(3) If F ⊆ X \ X is a non-empty compact subset, then F is nowhere dense in X.
Proof. It is obvious that X =⋃{Y : Y is an open k-scattered subspace of X}. 
Theorem 4.6. Let X be a Prohorov space and suppose that the subspace Xω =⋃{F ⊆
X: F is a compact subset of countable character in X} is dense in X. Then X is a Baire
space.
Proof. Assume that X is not a Baire space. Then the set W1 = X \ clX X is non-empty,
every compact non-empty subset F ⊆ W1 is nowhere dense in X, and for every non-empty
open subset U ⊆ W1 there exists a non-empty compact subset F(U) ⊆ U of countable
character in X. There exist a non-empty open subset W ⊆ W1 of X of the first category
in itself and a sequence {Fn: n ∈ N} of closed nowhere dense subsets of X such that
W ⊆⋃{Fn: n ∈ N}. Assume that Fn ⊆ Fn+1 for all n ∈ N .
By virtue of Lemma 4.4, there exist a subset Φ ⊆ X and a continuous mapping
ϕ :βX → Y onto a metrizable compact space Y such that ϕ−1(ϕ(Φ)) = Φ , ϕ(Φ) is home-
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for each n ∈ N .
The mapping ψ = ϕ|Φ :Φ → ϕ(Φ) is perfect. By Preiss’s Theorem [28], the space
ϕ(Φ) is not Prohorov. From Topsoe’s Theorem [34,35] (see Corollary 6.2 in this article) it
follows that Φ is not a Prohorov space.
So there is a compact set H of probability Radon measures on Φ such that H is not
uniformly tight in P(Φ). There exists ε > 0 such that for every compact set L ⊆ Φ there is
μ ∈ H with μ(L) 1−3ε. Now we consider H as a compact set of Radon measures on the
Prohorov space X. Thus, we can find a compact set L1 ⊆ X such that μ(Φ ∩ L1) > 1 − ε
for all μ ∈ H . Since L1 ⊆⋃{Fn: n ∈ N}, we affirm that there exists m ∈ N such that
μ(L1\Fm) < ε for each μ ∈ H . Suppose that this is false. Then for every n ∈ N there exists
μn ∈ H such that μn(L1 \Fn) ε. Let μ ∈ clH {μn: n ∈ N}. There exists m ∈ N such that
μ(L1 \Fm) < 2−1ε. The set U = {η ∈ H : η(L1 \Fm)−μ(L1 \Fm) > −2−1ε} is open in
H . Then there exists nm such that μn ∈ U . Hence μn(L1 \ Fn) μn(L1 \ Fm) < ε, a
contradiction. Thus, there exists m ∈ N such that μ(L1 \ Fm) < ε for each μ ∈ H . By the
construction, we have:
(1) L = L1 ∩ Fm ⊆ Φn is a compact subset of the spaces Φ and X.
(2) μ(X \L) < 3ε for every μ ∈ H .
Hence μ(Φ \ Fm)  μ(Φ \ L) < 3ε for every μ ∈ H , a contradiction. The proof is
complete. 
Corollary 4.7. Every Prohorov space of pointwise countable type is a Baire space.
Corollary 4.8. (See [23, Theorem 4.4].) Every first countable Prohorov space is a Baire
space.
Let γ be a family of subsets of a space X. We denote by K(γ,X) the largest subspace
Z of X with the property that no non-empty open set in Z is contained in any member
of γ . The set K(γ,X) is closed in X and is called the non-locally γ kernel of X (see [33]).
Let γ and ξ be two families of subsets of a space X. We say that the family ξ is γ -
discrete if it is disjoint and for every F ∈ ξ there exists Γ ∈ γ such that F ⊆ Γ .
Lemma 4.9. Let X be a Baire space of pointwise countable type, γ be a partition of X into
nowhere dense subsets of X and every Γ ∈ γ is a union of Gδ-subsets of X. Then there
exist a subset Φ of X and a continuous mapping ϕ :βX → Y onto a metrizable space
Y such that the subspace ϕ(Φ) is homeomorphic to the space of the rational numbers,
ϕ−1(ϕ(Φ)) = Φ , and the family {ϕ−1(ϕ(x)): x ∈ Φ} is γ -discrete.
Proof. Let ξ = {Hα: α ∈ A} be a countable γ -discrete family of compact subsets of
countable character in X, and suppose that for every α ∈ A there exists Γα ∈ γ such that
Hα ⊆ Γα .
Fix α ∈ A and a sequence {U(α,n): n ∈ N} of open subsets of X which is a base of X at
Hα . The set X(ξ) = X \⋃{clX Γα: α ∈ A} is dense in X. For every n ∈ N we fix a point
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in X such that x(α,n) ∈ H(α,n) ⊆ Γ(α,n) and Γ (α,n) = Γ (β,m) for (α,n) = (β,m). We
put γ (ξ) = {H(α,n): n ∈ N, α ∈ A}. Then the family γ (ξ) is γ -discrete and countable.
Thus, there exists a sequence {ξn = {Hα: α ∈ A}: n ∈ N} of countable γ -discrete fam-
ilies of compact subsets of countable character in X such that ξn+1 = γ (ξn) for every
n ∈ N .
Let A =⋃{An: n ∈ N}. Then there exists a metrizable space Y and a continuous map-
ping ϕ :βX → Y such that Hα = ϕ−1(ϕ(Hα)) for each α ∈ A. Let H =⋃{Hα: α ∈ A}.
Every subset Hα is nowhere dense in H . Thus, H is a space of the first category in it-
self. Then ϕ(H) is not a Gδ-subset of Y . In particular, ϕ(H) is not a scattered subspace
of Y . Hence, ϕ(H) contains a subspace Z which is homeomorphic to the space of rational
numbers. Now we put Φ = ϕ−1(Z). The proof is complete. 
The intersection of a closed subset of X with an open subset of X is called a D-set of X.
A countable union of D-sets is called a Dσ -set [23].
Corollary 4.10. Let X be a Prohorov space of pointwise countable type and γ be a parti-
tion of X into D-sets and every Γ ∈ γ is a union of Gδ-subsets of X. Then the following
assertions are equivalent:
(1) K(γ,X) = ∅.
(2) There exist a subset Φ of X and a irreducible perfect mapping ψ :Φ → Q onto the
space Q of rational numbers such that clX Φ is a compact perfect set and the family
{ψ−1(y): y ∈ Q} is γ -discrete.
Remark 4.11. From Lemma 4.9 follows that the assertions of the Lemma 4.1 from [23]
are true.
5. Functors
Let ϕ :X → Y be a continuous mapping of a space X into a space Y . Then there exist
a continuous linear dual operator ϕ0 :C0(Y ) → C0(X), where ϕ0(g) = ϕ ◦ g for every
g ∈ C0(Y ), and a continuous dual mapping ϕ :L(X) → L(Y ), where ϕ(u) = ϕ0 ◦ u for
every u ∈ L(X).
Lemma 5.1. If μ ∈ Mr(X), then ϕ(μ) ∈ Mr(Y ) and ϕ(μ)(H) = μ(ϕ−1(H)) for any H ∈
Bo(X).
Lemma 5.2. If μ ∈ P(X), then ϕ(μ) ∈ P(Y ).
Lemma 5.3. If x ∈ X and y = ϕ(x), then ϕ(δx) = δy . In particular, ϕ(Mωr (X)) ⊆
Mωr (Y ) and ϕ(Pω(X)) ⊆ Pω(Y ). Moreover, if Y = ϕ(X), then ϕ(Mωr (X)) = Mωr (Y ) and
ϕ(Pω(X)) = Pω(Y ).
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P(ϕ) = ϕ|P(X) are continuous mappings.
Thus, the correspondences M and P are covariant functors. The following assertions
are obvious.
Lemma 5.4. If ϕ :X → Y is an embedding, then M(ϕ) :Mr(X) → Mr(Y ) and
P(ϕ) :P(X) → P(Y ) are embeddings too.
Lemma 5.5. If a continuous mapping ϕ :X → Y is an injection, then M(ϕ) and P(ϕ) are
injections too.
Lemma 5.6. If ϕ :X → Y is a closed embedding, then M(ϕ) and P(ϕ) are closed embed-
dings too.
Corollary 5.7. If X is a submetrizable space, then P(X) and Mr(X) are submetrizable
spaces too.
Corollary 5.8. If X is a Gδ-subset of Y, then P(X) is a Gδ-subset of P(Y) and Mr(X) is
a Gδ-subset of Mr (Y ).
6. Perfect mappings
A mapping ϕ :X → Y is called perfect if ϕ is continuous, closed, and all fibers ϕ−1(y)
are compact subsets of X.
Theorem 6.1. (F. Topsoe [35,36]) For a mapping ϕ :X → Y the following assertions are
equivalent:
(1) ϕ :X → Y is a perfect mapping.
(2) P(ϕ) :P(X) → P(Y ) is a perfect mapping.
(3) M(ϕ) :Mr(X) → Mr(Y ) is a perfect mapping.
Proof. The implications (3) → (2) → (1) are obvious.
We shall give only the details of the proof of the implication (1) → (2). The proof is
similar to the proof of [9, Theorem 2.2].
Claim 1. If ϕ :X → Y is a mapping of X into Y , then M(ϕ)−1(P (Y )) = P(X).
Claim 2. If ϕ :X → Y is a continuous mapping, then ϕ(suppX(μ)) ⊆ suppY (M(μ))
for every μ ∈ Mr(X). Moreover, if the mapping ϕ is closed, then ϕ(suppX(μ)) =
suppY (M(μ)) for any μ ∈ Mr(X).
Claim 3. If ϕ :X → Y is a continuous mapping of a compact space X onto a space Y ,
then P(ϕ) :P(X) → P(Y ) is a continuous mapping of the compact space P(X) onto the
compact space P(Y ).
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a dense subset of the compact spaces P(Y ) and P(ϕ)(P (X)), then
P(Y ) = P(ϕ)(P(X)). 
Claim 4. If ϕ :X → Y is a continuous mapping of a compact space X onto Y , then
M(ϕ) :Mr(X) → Mr(Y ) is a perfect mapping of the locally compact space Mr(X) onto
the locally compact space Mr(Y ).
Proof. Let R0 = {λ ∈ R: λ  0} and R+ = {λ ∈ R: λ > 0}. Consider the mapping
πX :P(X) × R0 → Mr(X), where πX(μ,λ) = λ · μ. The mapping πX is continuous and
π−1X (0) = P(X)× {0}. The mapping πϕ(μ,λ) = (P (ϕ)(μ),λ) is a perfect surjection. The
following diagram is commutative
P(Y )×R0
P(X)×R0 Mr(X)
Mr(Y )
πX
πY
 
πϕ M(ϕ)
Thus, the mapping M(ϕ) is a perfect surjection. 
Claim 5. P(X) is a subspace of P(βX) and Mr(βX) = M(βX) = Mb(βX).
Claim 6. If ϕ :X → Y is a perfect mapping, then P(ϕ) :P(X) → P(Y ) is a perfect map-
ping.
Proof. We have P(X) = {μ ∈ P(βX): μ(βX) = sup{M(F): F is a compact subset of
X}}. Thus, P(βϕ)−1(P (Y )) = P(X) and P(ϕ) = P(βϕ)|P(X) :P(X) → P(Y ) is a per-
fect mapping. The proof is complete. 
Corollary 6.2. ([35,36], Corollary 6.2) Let ϕ :X → Y be a perfect surjection of a space X
onto a space Y .
Then X is a Prohorov space if and only if Y is a Prohorov space.
Corollary 6.3. (T. Banakh [9], F. Topsoe [35,36]) For a space X the following assertions
are equivalent:
(1) X is a paracompact p-space.
(2) P(X) is a paracompact p-space.
(3) Mr(X) is a paracompact p-space.
Proof. Let ϕ :X → Y be a perfect mapping of a space X onto a metric space Y . Then
P(ϕ) :P(X) → P(Y ) is a perfect mapping onto a metric space P(Y ) and M(ϕ) :Mr(X) →
Mr(Y ) is a perfect mapping onto a metric space Mr(Y ). 
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are equivalent:
(1) X is a paracompact ˇCech complete space.
(2) P(X) is a paracompact ˇCech complete space.
(3) Mr(X) is a paracompact ˇCech complete space.
7. On Gδ-subsets
Let X be a space.
Proposition 7.1. If F is a closed subset of the space X and b ∈ R, then the set [F,a] =
{μ ∈ Mr(X): μ(F) a} is closed in Mr(X).
Proof. The function ψF (μ) = μ(F) is upper semi-continuous. Therefore, the set [F,a] =
{μ: ψF (μ) a} is closed. The proof is complete. 
Corollary 7.2. If A is a Gδ-subset of X, then the set {μ ∈ Mr(X): μ(X \A) = 0} is a Gδ-
subset of Mr(X).
Corollary 7.3. (See [37,9].) A space X is ˇCech complete if and only if the spaces P(X)
and Mr(X) are ˇCech complete.
8. On closed mappings
A subset L of a space X is said to be bounded if f (L) is a bounded subset of the space
of reals R for each continuous function f on X.
A space X is called a μ-complete space if the closure clX L of every bounded subset
L ⊆ X is compact.
Every paracompact space is μ-complete. Every Dieudonné complete space is μ-
complete. Every normal metacompact space is μ-complete.
Theorem 8.1. Let f :X → Y be a continuous closed mapping of a μ-complete space X
of countable type onto a Prohorov space Y . If all fibers f−1(y) are Prohorov subspaces
of X, then X is a Prohorov space.
Proof. Consider the continuous mapping g = M(f ) :M(X) → M(Y). Let Φ be a compact
subset of M(X) and ε > 0. Then g(Φ) is a compact subset of M(Y), and there exists a
compact subset F1 of Y such that μ(Y \ F1) < ε for any μ ∈ g(Φ).
Let Z = f−1(F1). For every y ∈ F1 we put Φ(y) = f−1(y) ∩ clZ(Z \ f−1(y)) and
V (y) = f−1(y) \ Φ(y). From Michael’s theorem [26] it follows that Φ(y) is a compact
subset of X for any y ∈ F1. By the construction, the set ⋃{Φ(y): y ∈ F1} is compact, and
there exists a compact subset F ⊆ Z of countable character in Z such that f (F ) = F1 and
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Thus, if S is a closed subspace of Z and S ⊆⋃{V (y): y ∈ F1}, then S is a Prohorov
subspace of X. From Topsoe’s Theorem [35, Theorem 5.11] it follows that Z is a Prohorov
subspace of X. Therefore, there exists a compact subset H of Z such that μ(Z \ H) < ε
for every μ ∈ Φ see [35, Lemma 5.1]. By the construction, μ(X \H) < 2ε for any μ ∈ Φ .
The proof is complete. 
Corollary 8.2. Let f :X → Y be a continuous closed mapping of a metrizable space X
onto a Prohorov space Y such that all fibers f−1(y) are Prohorov subspaces of X. Then
X is a Prohorov space.
Corollary 8.3. Let f :X → Y be a continuous closed mapping of a paracompact space
X of countable type into a Prohorov space Y such that all fibers f−1(y) are Prohorov
subspaces of X. Then X is a Prohorov space.
Corollary 8.4. Let f :X → Y be a continuous closed mapping of a paracompact space X
of countable type into a Prohorov space Y such that all fibers are ˇCech complete subspaces
of X. Then X is a Prohorov space.
9. Inductively perfect and inductively open mappings
A mapping ϕ :X → Y of a space X into a space Y is called:
• inductively perfect if there exists a subset Z of X such that ϕ(Z) = Y and the mapping
ψ = ϕ|Z :Z → Y is perfect;
• inductively open if there exists a subset Z of X such that ϕ(Z) = Y and the mapping
ψ = ϕ|Z :Z → Y is open.
Theorem 9.1. If ϕ :X → Y is an inductively perfect mapping of a Prohorov space X onto
a space Y , then Y is a Prohorov space.
Proof. Let Z ⊆ X, ϕ(Z) = Y and ψ = ϕ|Z :Z → Y be a perfect mapping. Then Z is a
closed subspace of X. Thus, Z is a Prohorov space. Corollary 6.2 completes the proof. 
Theorem 9.2. Let ϕ :X → Y be a continuous uniformly A-complete mapping of an A(k)-
space X onto a paracompact space Y . If the mapping ϕ is inductively open, then:
(1) The mapping ϕ is inductively perfect.
(2) If X is a Prohorov space, then Y is a Prohorov space too.
Proof. By virtue of Corollary 8.5 from [13] the mapping ϕ is inductively perfect. Theo-
rem 9.1 completes the proof. 
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complete space X onto Y . Then:
(1) Y is a sieve-complete space.
(2) Y is a Prohorov space.
(3) If Y is paracompact, then the mapping ϕ is inductively perfect.
Proof. The proof of the assertion (1) is similar to the proof of Theorem 4.1 from [13] (see
[12]). Corollary 4.8 and Theorem 9.2 complete the proof. 
Proposition 9.4. If ϕ :X → Y is an inductively perfect mapping, then P(ϕ) :P(X) →
P(Y ) and M(ϕ) :Mr(X) → Mr(Y ) are inductively perfect mappings.
Proof. Follows from Theorem 6.1. 
10. Open mappings
Theorem 10.1. Let f :X → Y be an open continuous uniformly A-complete mapping of
an A(k)-space X onto a Prohorov space Y . Then X is a Prohorov space.
Proof. Consider the mapping g = M(f ) :M(X) → M(Y). Let Φ be a compact subset of
M(X) and ε > 0. There exists a compact subset H of Y such that μ(Y \ H) < ε for any
μ ∈ g(Φ). By virtue of Corollary 9.3 from [13] (see[11]), the subspace Z = f−1(H) is
sieve-complete. Every sieve-complete space is a Prohorov space. Thus, Z is a Prohorov
subspace, and there exists a compact subset F of Z such that μ(X \ F) < ε for every
μ ∈ Φ . Hence μ(X \ F) < 2ε for any μ ∈ Φ . The proof is complete. 
Corollary 10.2. Let f :X → Y be an open compact mapping of an A(k)-space X onto a
Prohorov space Y . Then X is a Prohorov space.
11. Geometry of mappings of measure spaces
A mapping ϕ :X → Y is called kσ -covering if for every compact subset F of Y there
exists a σ -compact subset Φ of X such that ϕ(Φ) = F . Every k-covering mapping is kσ -
covering.
Lemma 11.1. Let μ ∈ Mr(X), A ∈ Bo(X) and μA(H) = μ(A∩H) for every H ∈ Bo(X).
Then μA ∈ Mr(X) and μA(X \A) = 0.
Proof. Is obvious. 
Lemma 11.2. Let ϕ :X → Y be a continuous mapping, η ∈ Mr(Y ), A be a σ -compact
subset of X and B = ϕ(A). Then there exists a measure μ ∈ Mr(X) such that μ(X\A) = 0
and ηB = M(ϕ)(η).
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mappings ϕ|Fn :Fn → ϕ(Fn) are perfect, for every n ∈ N there exists a measure ξn ∈
Mr(X) such that ξn(X \ Fn) = 0 and ηϕ(Fn) = M(ϕ)(ξn). Let μ1 = ξ1 and η1 = ηϕ(F1) =
M(ϕ)(μ1).
Fix n  2. We put ηn(A) = ηϕ(Fn)(A \ ϕ(Fn−1)) and μn(H) = ηn(λϕ−1(ϕ(Fn−1)))
for any A ∈ Bo(Y ) and any H ∈ Bo(X). If Ln = Fn \ ϕ−1(ϕ(Fn−1)) and Hn = ϕ(Fn) \
ϕ(Fn−1), then ϕ(Ln) = Hn, μn(X \Ln) = 0, ηn(Y \Hn) = 0 and ηn = M(ϕ)(μn).
Now we put μ(H) =∑{μn(H): n ∈ N} for every H ∈ Bo(X). Then μ ∈ Mr(X) and
M(ϕ)(μ) = ηB . The proof is complete. 
Corollary 11.3. Let ϕ :X → Y be a continuous kσ -covering mapping. Then
M(ϕ) :Mr(X) → Mr(Y ) and P(ϕ) :P(X) → P(Y ) are surjections.
Corollary 11.4. Let ϕ :X → Y be a continuous uniformly A-complete inductively open
mapping of an A(k)-space X onto Y . Then:
(1) ϕ is a kσ -covering mapping.
(2) M(ϕ) and P(ϕ) are surjections.
Theorem 11.5. Let ϕ :X → Y be an open continuous mapping of a space X onto a space
Y and for every open subset U of X the mapping ϕU = ϕ|U :U → ϕ(U) be kσ -covering.
Then M(ϕ) :Mr(X) → Mr(Y ) and P(ϕ) :P(X) → P(Y ) are open continuous surjections.
Proof. From Corollary 11.3 it follows that the mappings M(ϕ) and P(ϕ) are surjections.
Let ε > 0 and U1, . . . ,Un be subsets of X. For μ ∈ Mr(X) we put 〈〈μ,U1, . . . ,Un, ε〉〉 =
{η ∈ Mr(X): η(Ui)−μ(Ui) > −ε for every i  n}. If μ ∈ P(X) then 〈μ,U1, . . . ,Un, ε〉 =
P(X)∩ 〈〈μ,U1, . . . ,Un, ε〉〉. The family {〈〈μ,U1, . . . ,Un, ε〉〉: μ ∈ Mr(X), ε > 0, n ∈ N ,
U1, . . . ,Un are open subsets of X} is an open base of the space Mr(X) (see [37]).
Claim 1. The family {〈〈μ,U1, . . . ,Un, ε〉〉: μ ∈ Mr(X), ε > 0, n ∈ N,U1, . . . ,Un are
open subsets of X and Ui ∩Uj = ∅ for i = j} is an open base of the space Mr(X).
Fix ε > 0, μ ∈ Mr(X), n ∈ N and the open subsets U1, . . . ,Un of X. On the set exp(n)
of all non-empty subsets of the set {1,2, . . . , n} we fix a well-ordering for which A < B
implies |B| < |A|. In particular, if B is a subset of A, then A B . We put ε1 = ε · 2−n−1.
We assume that | exp(n)| = m and exp(n) = {A1,A2, . . . ,Am}, where Ai < Aj if and
only if i < j . Then m = 2n−1. For every subset Aj ∈ exp(n) we put Wj =⋂{Ui : i ∈ Aj }.
We affirm that there exists a sequence {Vj : j m} of open subsets of X such that:
• clX Vj ⊆ Wj \⋃{clX Vi : i < j};
• μ(Vj ) > μ(Wj \⋃{clX Vi : i < j})− ε1.
Let A1 be the first element of the set exp(n). There exist a compact subset F1 and an
open subset V1 of X such that μ(F1) > μ(W1)− ε1 and F1 ⊆ V1 ⊆ clX V1 ⊆ W1.
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subset Fj and an open subset Vj of the set Wj such that μ(Fj ) > μ(Wj \⋃{clX Vi : i <
j})− ε1 and Fj ⊆ Vj ⊆ clX Vj ⊆ Wj \⋃{clX Vi : i < j}.
Thus, the sets {Vj : j  m} are constructed. By construction, μ(clX Vj \ Vj ) < ε1 for
any j  m. Thus μ(Wj) < μ(Vj ) +∑{μ(clx Vi): i  j} + ε1 <∑{μ(Vi): i  j} + ε.
Suppose that η ∈ 〈〈μ,V1, . . . , Vm, ε1〉〉. Then η(Ui) = ∑{η(clX Vj ): j  m, i ∈ Aj } +
η(Ui \⋃{clX Vj : j m, i ∈ Aj })∑{η(clX Vj ): j m, i ∈ Aj } >∑{μ(Vj )−ε1: j 
m, i ∈ Aj } >∑{μ(Vj ) : j  m, i ∈ Aj } − ε = μ(Ui) − ε, and η ∈ 〈〈μ,U1, . . . ,Un, ε〉〉.
The claim is proved.
Claim 2. The mapping M(ϕ) is open.
Let U be an open subset of the space Mr(X) and η ∈ M(ϕ)(U).
There exist μ ∈ M(ϕ)−1(η), ε > 0, m 2 and open subsets U1, . . . ,Un of X such that
〈〈μ,U1, . . . ,Un, ε〉〉 ⊆ U and Ui ∩Uj = ∅ whenever i = j .
Let m = 2n − 1, δ = 2−m · ε and exp(n) = {Ai : i  m}, where |Aj |  |Ai | if i  j .
Then A1 = {1,2, . . . , n}. For every j  m we put Hj =⋂{ϕ(Ui): i ∈ Aj }. There exist
open subsets {Vj : j m} of Y such that:
(1) Vj ⊆ clY Vj ⊆ Hj \⋃{clY Vi : i < j} and η(Vj ) > η(Hj \⋃{clY Vi : i  j}) − δ for
every j m.
Let V = 〈〈η,H1,V1,H2,V2, . . . ,Hm,Vm, δ〉〉 and λ ∈ V . There exist σ -compact sub-
sets {Fi : i  n} of X such that:
(2) Fi ⊆ Ui and μ(Ui \ Fi) = 0 for every i  n;
(3) η(Hj \⋂{ϕ(Fi): i ∈ Aj }) = λ(Hj \⋂{ϕ(Fi): i ∈ Aj }) = 0 for every j m.
Fix j m. Then there exist measures {ξji : i ∈ Aj } ⊆ Mr(X) such that:
(4) ξji((X \Ui)∪⋃{ϕ−1Hk: k < j}) = 0 and M(ϕ)(ξji)(B) = λ(B \⋃{Hk: k < j}) for
every j m, i ∈ Aj and B ∈ Bo(Y ).
Let H ′j = Hj \
⋃{Hi : i < j}. We put bji = μ(Ui ∩ϕ−1(H ′j )) and bj =
∑{bji : i ∈ Aj }
for every i ∈ Aj . If k = |Aj | and bj = 0, then αji = k−1 for every i ∈ Aj . If bj > 0, then
we put αji = bji : bj . Then:
(5) ∑{αji : i ∈ Aj } = 1.
We put ξj = ∑{αji : i ∈ Aj }. Then ξj ∈ Mr(X) and M(ϕ)(ξj )(B) = λ(B) for any
B ∈ Bo(Y ). There exists ξm+1 ∈ Mr(X) such that ξm+1(⋃{ϕ−1Hj : j  m}) = 0 and
M(ϕ)(ξm+1)(B) = λ(B \⋃{Hj : j m}) for every B ∈ Bo(Y ).
We put ξ =∑{ξj : j m+ 1}. Then M(ϕ)(ξ) = λ.
Fix i  n. Let j1 < j2 < · · · < jk and {jp: p  k} = {j m: i ∈ Aj }. Then Ajk = {i}
and Hj ∩ ϕ(Ui) = ∅ for every j < j1. By construction, we have:
(6) μ(Ui \⋃{ϕ−1(Vjp ): p  k}) < mδ;
(7) ξ(Ui \⋃{ϕ−1(Vjp ): p  k}) < mδ;
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ϕ−1(Vjp ))−μ(Ui ∩ ϕ−1(Vjp )) 0 > −δ if bjp = 0.
Hence ξ(Ui) \μ(Ui) > −2mδ > −ε and ξ ∈ 〈〈μ,U1, . . . ,Un, ε〉〉 ⊆ U . Therefore, V ⊆
M(ϕ)(U), and the set M(ϕ)(U) is open.
Claim 3. The mapping P(ϕ) is open.
We have P(X) = M(ϕ)−1(P (Y )). Therefore, the mapping P(ϕ) = M(ϕ)|P(X) is
open. The proof is complete. 
Theorem 11.6. Let ϕ :X → Y be a continuous inductively open mapping of an A(κ)-space
X onto Y , ψ :Y → Z be a continuous mapping of Y onto a space Z and the mapping
h = ψ ◦ ϕ :X → Y be uniformly A-complete. Then:
(1) The mappings ϕ and ψ are uniformly A-complete.
(2) Y is an A(k)-space.
(3) If X is a sieve-complete space, then Y is sieve-complete.
(4) M(ϕ) :Mr(X) → Mr(Y ) and P(ϕ) :P(X) → P(Y ) are inductively open mappings.
(5) If X is a sieve-complete space, then Mr(X) and P(X) are sieve-complete spaces.
If Y is a paracompact space, then
(6) M(ϕ) and P(ϕ) are k-covering inductively perfect mappings.
(7) If ϕ is open, then M(ϕ) and P(ϕ) are open mappings.
Proof. There exist a sequence γ = {γn = {Uβ : β ∈ Bn}: n ∈ N} of open covers of X and
a sequence of mappings p = {pn :Bn+1 → Bn: n ∈ N} such that:
SC1. Uβ =⋃{Uλ: λ ∈ p−1n (β)} =
⋃{clX Uλ: λ ∈ p−1n (β)} for every n ∈ N and every
β ∈ Bn.
SC2. If z ∈ Z, Bn(z) = {β ∈ Bn: Uβ ∩ h−1(z) = ∅} and pnz = pn|Bn(z), then
(γ (z),p(z)) = ({γn(z) = {Vβ = Uβ ∩h−1(z): β ∈ Bn(z)}: n ∈ N}, {pnz: n ∈ N}) is
a complete A(κ)-sieve on the subspace h−1(z).
Let X1 be a subspace of X such that ϕ(X1) = Y and ϕ|X1 :X1 → Y is an open mapping.
We may assume that X1 is a dense subspace of X and that the set ϕ−1(y)∩X1 is closed in
X for any y ∈ Y .
We construct by induction open covers ξ = {ξn = {Wβ : β ∈ Mn}: n ∈ N} of Y , map-
pings q = {qn :Mn+1 → Mn: n ∈ N} and mappings {ωn :Mn → Bn: n ∈ N} such that:
(1) Wβ =⋃{Wβ : μ ∈ q−1n (β)} =
⋃{clY Wμ: μ ∈ q−1n (β)} for every n ∈ N and every
β ∈ Bn;
(2) Wβ ⊆ clWβ ⊆ ϕ(X1 ∩Uωn(β)) for every n ∈ N and β ∈ Bn.
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{Hβ = Wβ ∩ψ−1(z): β ∈ Mn(z)}: n ∈ N}, {qnz: n ∈ N}) is a complete A(κ)-sieve on the
subspace ψ−1(z). The assertion (1) is proved.
If X is a sieve-complete space, then we may assume that |Z| = 1. In this case Y =
ψ−1(z) for every z ∈ Z and Y is a sieve-complete space. The assertion (2) is proved.
Let U be an open non-empty subset of X1 and V be an open subset of X such that
V ∩ X1 = U . We may assume that ϕ−1(y) ∩ U is closed in U for every y ∈ ϕ(U). Then
from Theorem 8.4 from [13] it follows that the mapping ϕ|U : U ∈ ϕ(U) is k-covering.
Thus, M(ϕ) and P(ϕ) are inductively open surjections. The assertions (4) and (7) are
proved.
Let X be a sieve-complete space. Then there exists a paracompact ˇCech complete space
S and a continuous open surjection g :S → X (see [11,13,39,40]). From Corollary 6.4
if follows that P(S) and Mr(S) are paracompact ˇCech complete spaces. Thus P(X) and
Mr(X) are sieve-complete spaces as open continuous images of paracompact ˇCech com-
plete spaces. The assertion (5) is proved.
If Y is a paracompact space, then ϕ is an inductively perfect mapping. The assertion (6)
is proved. The proof is complete. 
Proposition 11.7. Let ϕ :X → Y be a continuous mapping of a Prohorov space X onto a
space Y and P(ϕ) :P(X) → P(Y ) be a k-covering mapping of P(X) onto P(Y ). Then Y
is a Prohorov space.
Proof. Let Φ be a compact subset of P(Y ) and ε > 0. Then there exist a compact subset
F of P(X) and a compact subset H of X such that P(ϕ)(F ) = Φ and μ(X \ H) < ε for
every μ ∈ F . Then H1 = ϕ(H) is a compact subset of Y and η(Y \ H1) < ε for every
η ∈ Φ . The proof is complete. 
A mapping ϕ :X → Y is called uniformly ˇCech complete if there exists a ˇCech com-
plete space X˜ such that X ⊆ X˜ and the set ϕ−1(y) is closed in X˜ for every y ∈ Y . Every
uniformly ˇCech complete mapping is uniformly A-complete.
A mapping ϕ :X → Y of a space X into a space Y is called perfectly complete, or p-
complete, if ϕ(X) = Y and there exist a space Z and a perfect mapping ψ :Z → Y such
that X is a Gδ-subspace of Z and ϕ = ψ |X.
Proposition 11.8. Let L be a class of spaces with the properties:
(π ) if f :A → B is a perfect mapping of a space A onto a space B and B ∈ L, then A ∈ L;
(δ) if B ∈ L and A is a Gδ-subspace of B , then A ∈ L.
If ϕ :X → Y is a p-complete mapping of a space X onto a space Y and Y ∈ L, then
X ∈ L.
Proof. This is obvious. 
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lowing classes of spaces:
(K1) The class of ˇCech complete spaces.
(K2) The class of p-spaces.
(K3) The class of sieve-complete spaces.
(K4) The class of A(k)-spaces.
(K5) The class of spaces of countable type.
(K6) The class of spaces of pointwise countable type.
(K7) The class of Prohorov spaces.
Proposition 11.10. If ϕ :X → Y is a p-complete mapping, then P(ϕ) :P(X) → P(Y ) and
M(ϕ) :Mr(X) → Mr(Y ) are p-complete mappings.
Proof. Assume that X is a Gδ-subspace of a space Z, ψ :Z → Y is a perfect mapping
and ϕ = ψ |X. Then the mappings P(ψ) :P(Z) → P(Y ) and M(ψ) :Mr(Z) → Mr(Y )
are perfect, P(X) is a Gδ-subspace of P(Z), Mr(X) is a Gδ-subspace of Mr(Z), P(ϕ) =
P(ψ)|P(X) and M(ϕ) = M(ψ)|Mr(X). The proof is complete. 
Proposition 11.11. If ϕ :X → Y is an open p-complete mapping of a space X into a space
Y , then:
(1) If U is an open subset of X, then the mapping ϕU = ϕ|U :U → ϕ(U) is k-covering.
(2) The mapping ϕ :X → Y is k-covering.
(3) P(ϕ) :P(X) → P(Y ) and M(ϕ) :Mr(X) → Mr(Y ) are open p-complete mappings.
Proof. Assume that X is a Gδ-subspace of a space Z, ψ :Z → Y is a perfect mapping
and ϕ = ψ |X. There exists a sequence {Vn: n ∈ N} of open subsets of Z such that X =⋂{Vn: n ∈ N} and Vn+1 ⊆ Vn for any n ∈ N .
Let U be an open subset of Z, F a compact subset of Y and F ⊆ ϕ(U ∩X). Then there
exists a sequence {Wn: n ∈ N} of open subsets of Z such that:
(1) F ⊆ ϕ(Wn ∩X) for each n ∈ N ;
(2) clZ W1 ⊆ U ∩ V1;
(3) clZ Wn+1 ⊆ Wn ∩ Vn+1 for each n ∈ N .
Then W =⋂{Wn: n ∈ N} is a closed subspace of Z, W ⊆ X ∩ U , F ⊆ ϕ(W) and
g = ψ |W = ϕ|W :W → ϕ(W) is a perfect mapping. The set Φ = g−1(F ) = ϕ−1(F ) ∩W
is a compact subset of X, Φ ⊆ U and F = ϕ(Φ). Assertion (1) is proved. Assertion (2)
follows from assertion (1). Theorem 11.5 and Proposition 11.10 complete the proof. 
Example 11.12. Let Y be a non-discrete space, X be the set Y equipped with the discrete
topology, and ϕ(x) = x for all x ∈ X. Then:
(1) ϕ :X → Y is a p-complete mapping.
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(3) The mapping ϕ is k-covering if and only if every compact subset of Y is finite.
Every continuous surjection of a ˇCech complete space is p-complete. Every p-complete
mapping is uniformly ˇCech complete. The inverse assertion is not true.
Example 11.13. There exist a countable space X and a continuous open compact mapping
ϕ :X → Y onto the space Y = {0} ∪ {n−1: n ∈ N} ⊆ [0,1] such that every compact subset
of X is finite (see Propositions 14.7 and 14.8). The mapping ϕ is uniformly ˇCech complete.
Since X is not a p-space (a metrizable space), the mapping ϕ is not p-complete.
Remark 11.14. Let ϕ :X → Y be an open continuous mapping of a paracompact p-space
X onto a space Y . The mapping ϕ is uniformly A-complete if and only if ϕ is p-complete.
Proposition 11.15. Let ϕ :Y → S be an open continuous uniformly A-complete mapping
of an A(k)-space Y onto a space S. Then:
A. There exists a subspace Y1 ⊆ βY , a paracompact p-space X, two spaces Z and Z1,
a perfect mapping g1 :Z1 → Y1 and a perfect mapping ϕ1 :Y1 → S such that:
A1. X ⊆ Z ⊆ Z1 and X is a Gδ-subspace of the space Z1.
A2. g1(X) = g1(Z) = Y , the mapping g = g1|X :X → Y is open and the mapping
ψ = g1|Z :Z → Y is perfect.
A3. ϕ = ϕ1|Y and the mapping ψ1 = ϕ1 ◦ g1 :Z1 → S is perfect.
A4. The mappings g :X → Y and h = ϕ ◦ g :X → S are p-complete.
B. There exist a sieve-complete extension Y ′ of Y , an extension S′ of S and a continuous
surjection ϕ2 :Y ′ → S′ such that ϕ = ϕ2|Y and Y = ϕ−12 (S).
C. P(Y ) and Mr(Y ) are A(k)-spaces.
D. The mappings P(ϕ) :P(Y ) → P(S) and M(ϕ) :Mr(Y ) → Mr(S) are open and uni-
formly A-complete.
Proof. It is sufficient to prove the assertions A and B.
On the space Y there exists an A(k)-sieve (γ,p) = {γn = {Uβ : β ∈ Bn},pn :Bn+1 →
Bn: n ∈ N} with the following properties:
(1) (γ (s),p(s)) = ({γn(s) = {ϕ−1(s) ∩ Uβ : β ∈ Bn(s) = {β ∈ Bn: ϕ−1(s) ∩ Uβ =
∅}}, {pn,s = μn|Bn+1(s): n ∈ N}) is a complete A(k)-sieve on ϕ−1(s) for each s ∈ S;
(2) if n ∈ N , β ∈ Bn and λ ∈ p−1n (β), then clβY Uλ ∩ clβY (Y \Uβ) = ∅ and clβS ϕ(Uλ)∩
clβS(S \ ϕ(Uβ)) = ∅.
From these properties follow:
(3) (ξ,p) = ({ξn = {Vβ = ϕ(Uβ): β ∈ Bn}}, {pn: n ∈ N}) is an A(k)-sieve on S;
(4) if β = (β1, . . . , βn, . . .) is a c-sequence, then H(β, ξ,p) = ϕ(H(β,γ,p)).
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ρ((βn: n ∈ N), (λn: n ∈ N)) =∑{2−n: βn = λn} for all (βn: n ∈ N), (λn: n ∈ N) ∈ B .
Then (B,ρ) is a complete metric space.
For every β = (βn: n ∈ N) ∈ B and each m ∈ N we put δ(β,m) = {λ = (λn: n ∈ N) ∈
B: λi = βi for each i m}.
For every β ∈ B we put H1(β, γ,p) = ⋂{clβY Uβn : n ∈ N}. Then H1(β, γ,p) =
H(β,γ,p) for each β ∈ B .
Let Y1 = βϕ−1(S) and Y2 =⋃{H1(β, γ,p): β ∈ B \ B}. We put ϕ1 = βϕ|Y1 :Y1 → S.
By the construction, the mapping ϕ1 is perfect.
Fix β ∈ B \ B . Then βϕ(H1(β, γ,p)) =⋂{βϕ(clβY Uβn): n ∈ N} =
⋂{clβS ϕ(Uβn):
n ∈ N}. If s ∈ S, then s /∈ ϕ(Uβm−1) for some m ∈ N . In this case s /∈ clβS(ϕ(Uβm)) and
s /∈ βϕ(H1(β, γ,p)). Hence H1(β, γ,p)∩ Y1 = ∅ and Y2 ∩ Y1 = ∅.
Moreover, Y is a Wδ-subset of Y1, Y ′ = Y ∪ Y2 is a sieve-complete space and for every
compact subset F of S the set ϕ−1(F ) is closed in Y ′.
Let Z2 = clβB×βY X, g2(t, y) = y and f2(t, y) = t for each (t, y) ∈ Z2. The subspace
Z2 is compact and the mappings g2 :Z2 → βY , f2 :Z2 → βB are continuous surjections.
We put Z1 = g−12 (Y1), Z = g−12 (Y ), g1 = g2|Z1, ψ = g1|Z = g2|Z, g = ψ |X and f =
f2|X. The mapping g :X → Y is an open surjection and the mapping f :X → B is perfect
(see [13, Section 5]). The mappings ψ :Z → Y and g1 :Z1 → Y1 are perfect surjections.
Thus, X is a paracompact p-space.
Let S′ = βϕ(Y ′) and ϕ2 = βϕ|Y ′. It is obvious that ϕ−12 (S) = Y . The assertion B is
proved.
For every m ∈ N and every β = (β1, . . . , βn, . . .) ∈ B we put W(β,m) =⋃{W ⊆ βB×
βY : W is open in βB ×βY and W ∩ (B ×Y) ⊆ δ(β,m)×Uβm}, Wm =
⋃{W(β,m): β ∈
B} and Hm = Z1 ∩ Wm. By construction, {W(β,m): β ∈ b} is a disjoint family of open
subsets of the space βB × βY . If β ∈ B , then ⋂{W(β,m): m ∈ N} ⊆ X ⊆ B × Y . If
β ∈ B \B , then⋂{W(β,m): m ∈ N} ⊆ B ×Y2. Hence,⋂{Hn: n ∈ N} ⊆ B ×Y2. Hence,⋂{Hm: m ∈ N} = X, and X is a Gδ-subset of the spaces Z and Z1. Therefore, the map-
pings g and h are p-complete. The assertions A are proved. The proof is complete. 
Theorem 11.16. Let ϕ :X → Y be a continuous inductively open uniformly A-complete
mapping of an A(k)-space X onto a space Y . If X is a Prohorov space, then Y is a Pro-
horov space too.
Proof. This follows from Proposition 11.7 and the assertion (6) of Theorem 11.6.
From Corollary 10.2, Proposition 11.15 and Theorem 11.16 follows. 
Corollary 11.17. Let ϕ :X → Y be an open continuous uniformly A-complete mapping of
an A(k)-space X onto a space Y . The space X is a Prohorov space if and only if Y is a
Prohorov space.
12. A selection theorem
If for every point x ∈ X a closed non-empty subset Θ(x) of Y is defined, then we say
that Θ :X → Y is a multi-valued mapping. A multi-valued mapping Θ :X → Y is lower
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X: H ∩ Θ(u) = ∅} is open (closed) in X. A subspace Y of X is paracompact in X if for
every family ϕ = {Uβ : β ∈ B} of open subsets of X such that Y ⊆⋃{Uβ : β ∈ B} there
exists a family ω = {Vβ : β ∈ B} of open subsets of X such that Y ⊆⋃{Vβ : β ∈ B} = V ,
Vβ ⊆ Uβ for all β ∈ B , and for every x ∈ Y there is an open subset W of X such x ∈ W
and the set {β ∈ B: W ∩ Vβ = ∅} is finite. If the subspace Y is dense and paracompact in
the space X and dimY = 0, then for every family {Uβ : β ∈ B} of open subsets of X with
Y ⊆⋃{Uβ : β ∈ B} there exists a disjoint family {Vβ : β ∈ B} of open subsets of X such
that Y ⊆⋃{Vβ : β ∈ B} and Vβ ⊆ Uβ for every β ∈ B .
Theorem 12.1. Let Θ :X → Y be a lower semicontinuous multi-valued mapping of a sieve-
complete space X into a metric space Y and Z be a dense σ -discrete subset of X. If Z is
paracompact in X, then there exist a subspace S of X and a continuous single-valued
mapping g :S → Y such that:
(1) Z ⊆ S and g(S) is a Gδ-subset of the space Y ;
(2) g(x) ∈ Θ(x) for every x ∈ S.
Proof. There exists a sequence {Zn: n ∈ N} of discrete closed subsets of X such that
Z =⋃{Zn: n ∈ N}. We may assume that Zn ⊆ Zn+1 for all n ∈ N .
Let ρ be a metric on the space Y and (ϕ,p) = ({ϕn = {Uβ : β ∈ Bn}: n ∈ N},
{pn :Bn+1 → Bn: n ∈ N}) be a complete A(k)-sieve of the space X.
We claim that there exist a sequence {ξn = {Vλ: λ ∈ Γn}: n ∈ N} of families of open
sets in Y , a sequence {μn = {Wλ: λ ∈ Γn}: n ∈ N} of open subsets of X, a sequence of
mappings {πn :Γn+1 → Γn: n ∈ N}, a sequence of mappings {qn :Γn → Bn: n ∈ N} and
a sequence of subsets {{yx : x ∈ Zn}: n ∈ N} such that:
(1) ξ1 is a locally finite family of open subsets of the space Y ;
(2) If n ∈ N and λ ∈ Γn, then ⋃{clY Vη: η ∈ π−1n (λ)} ⊆ Vλ and {Vη: η ∈ π−1n (λ)} is
a locally finite family of open subsets of the subspace Vλ;
(3) clX Wλ ⊆ Θ−1(Vλ) and Wλ is an open Fσ -subset of X for every n ∈ N and every
λ ∈ Γn;
(4) clX Wλ ⊆ Uqn(λ) for every n ∈ N and every λ ∈ Γnj .
(5) Zn ⊆ Γn, x ∈ Wx and yx ∈ Vx ∩Θ(x) for every n ∈ N and x ∈ Zn;
(6) diamVλ < 2−n for every n ∈ N and λ ∈ Γn;
(7) If n ∈ N , λ,η ∈ Γn and λ = η, then Wλ ∩Wη = ∅;
(8) ⋃{clX Wη: η ∈ π−1n (λ)} ⊆ Wλ for every n ∈ N and λ ∈ Γn;
(9) qn ◦ πn = pn ◦ qn+1 for every n ∈ N ;
(10) Z ⊆⋃{Wλ: λ ∈ Γn} for every n ∈ N .
Fix an open locally finite cover {Vy : y ∈ Y1} of Y , where Y1 ⊆ Y , y ∈ Vy and
diam (Vy) < 2−1 for any y ∈ Y1. Then {Θ−1Vy : y ∈ Y1} is an open cover of X. Since
dimZ = 0, Z1 is a discrete closed subset of X and Z is paracompact in X, there exists an
open disjoint family μ1 = {Wλ: λ ∈ Γ1} of X such that:
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• for every λ ∈ Γ1 there exist β = q1(λ) ∈ B1 and y(λ) ∈ Y1 such that clX Wλ ⊆ Uβ ∩
Θ−1Vy(λ).
We put Vλ = Vy(λ) for every λ ∈ Γ1. For every z ∈ Z1 we fix a point yz ∈ Θ(z)∩ Vz.
Suppose that n  1 and μn,qn are constructed. Fix λ ∈ Γn. If λ ∈ Γn, then we put
b(λ) = λ. If Wλ ∩ Zn = ∅, then we fix some point b(λ) ∈ Wλ and a point yb(λ) ∈ Θ(b(λ)) ∩
Vλ. Fix an open locally finite cover {Vy : y ∈ Yλ} of the subspace Vλ such that Yλ ⊆ Vλ,⋃{clVy : y ∈ Yλ} = Vλ, and diam (Vy) < 2−n−1 for any y ∈ Yλ. Since {Θ−1Vy : y ∈ Yλ} is
an open cover of clX Wλ, there exists an open disjoint family μλ = {Wη: η ∈ Γλ} of subsets
of Wλ such that:
• Z ∩Wλ ⊆⋃{Wη: η ∈ Γλ} ⊆⋃{clX Wη: η ∈ Γλ} ⊆ Wλ;
• for every η ∈ Γλ there exist β = qn+1(η) ∈ Bn+1 ∩ p−1n (qn(λ)) and y(η) ∈ Yλ such
that clX Wη ⊆ Uβ ∩Θ−1Vy(λ);
• if b(λ) ∈ Wη, then yb(λ) ∈ Vy(η);
• Zn+1 ∩Wλ ⊆ Γλ.
We put Vη = Vy(η) for every η ∈ Γλ. For every z ∈ (Zn+1 \ Zn) ∩ Vλ we fix a point
yz ∈ Θ(z)∩ Vz. Let Γn+1 =⋃{Γλ: λ ∈ Γn} and π−1n (λ) = Γλ for any λ ∈ Γn.
Thus, the objects μn, πn, qn, ξn, n ∈ N are constructed.
We put Wn =⋃{Wλ: λ ∈ Γn} and Vn =⋃{Vλ: λ ∈ Γn} for all n ∈ N .
Let x ∈ W =⋂{Wn: n ∈ N}. Then there exists a sequence {λn(x) ∈ Γn: n ∈ N} such
that x ∈⋂{Wλn(x): n ∈ N}. We put f (x) =
⋂{Vλn(x): n ∈ N}. By construction, f (x) ⊆
Θ(x) and |f (x)| 1 for any x ∈ W .
Let S = {x ∈ W : f (x) = ∅}. Then f :S → Y is a single-valued continuous mapping Θ
and f (x) ∈ Θ(x) for all x ∈ S.
Let V =⋂{Vn: n ∈ N}. By the construction, f (S) ⊆ V . Let y ∈ V . We put Γn(y) =
{λ ∈ Γn: y ∈ Vλ}. The set Γn(y) is finite, non-empty, and πn(Γn+1(y)) ⊆ Γn(y). Hence
there exists a sequence {λn(y) ∈ Γn(y): n ∈ N} such that πn(λn+1(y)) = λn(y). Then
y ∈⋂{Vλn(y): n ∈ N}. Since (γ,p) is a complete A(k)-sieve,
⋂{Wλn(y): n ∈ N} = ∅ and
f (x) = y for any x ∈⋂{Wλn(y): n ∈ N}. Thus, f (S) = V is a Gδ-subset of Y . The proof
is complete. 
Theorem 12.2. Let ϕ :X → Y be an open continuous mapping of a metric space X onto
a space Y and Z be a σ -discrete dense subset of Y . If Z is paracompact in Y , then there
exists a Gδ-subset S of X such that Z ⊆ ϕ(S) and ϕ|S :S → ϕ(S) is a homeomorphism.
Proof. Let {Zn: n ∈ N} be closed discrete subsets of Y and Z =⋃{Zn: n ∈ N}. There
exist a sequence {γn = {Uβ : β ∈ Bn}: n ∈ N} of families of open sets in X and a set
{x(z) ∈ ϕ−1(z): z ∈ Z} such that:
(1) Zn ⊆ Bn and x(z) ∈ Uz for any z ∈ Zn and every n ∈ N .
(2) If β,λ ∈ Bn and β = λ, then ϕ(Uβ)∩ ϕ(Uλ) = ∅.
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Uβ .
(4) Z ⊆⋃{ϕ(Uβ): β ∈ Bn} for any n ∈ N .
(5) diam(Uβ) < 2−n for any n ∈ N and any β ∈ Bn.
We put Un =⋃{Uβ : β ∈ Bn} and S =⋂{Un: n ∈ N}. By the construction, Z ⊆ ϕ(S)
and ϕ|S :S → ϕ(S) is a homeomorphism. The proof is complete. 
Corollary 12.3. Let ϕ :X → Y be an open continuous mapping of a metric space X onto
a space Y and Z be a countable dense subset of Y . Then there exists a Gδ-subset S of X
such that Z ⊆ ϕ(S) and ϕ|S :S → ϕ(S) is a homeomorphism.
13. Open images of metric spaces
Theorem 13.1. For a space X the following assertions are equivalent:
(1) X is a Prohorov space with a uniform base.
(2) X is an open compact continuous image of some metric Prohorov space.
Proof. A.V. Arhangel’skii proved [5] that a space X has a uniform base if and only if it is
an open compact continuous image of some metric space. Corollary 10.17 completes the
proof. 
Theorem 13.2. For a space X the following assertions are equivalent:
(1) X is a Prohorov space with a base of countable order.
(2) X is an open uniformly A-complete image of some metric Prohorov space.
Proof. A space X has a base of countable order if and only if there exists an A(k)-sieve
(γ,p) = ({γn = {Uβ : β ∈ Bn}: n ∈ N}, {pn :Bn+1 → Bn: n ∈ N}) such that |⋂{Uβn: n ∈
N}| 1 for every c-sequence {βn ∈ Bn: n ∈ N} (see [3,6,37,13]).
H.H. Wicke and J.M. Worrell [38] have proved that a space has a base of countable
order if and only if it is an open uniformly ˇCech complete continuous image of some
metric space. Corollary 11.17 completes the proof. 
Corollary 13.3. For a space X the following assertions are equivalent:
(1) X is a space with a base of countable order.
(2) P(X) is a space with a base of countable order.
(3) Mr(X) is a space with a base of countable order.
Every Moore space is a space with a base of countable order.
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uous image of some metric Prohorov space.
Proposition 13.5. Let a space X be an open continuous image of some metric Prohorov
space. Then for every countable subspace Y of X there exists a metric Prohorov subspace
Y1 of X such that Y ⊆ Y1.
Proof. Let f :Z → X be an open continuous mapping of a metric Prohorov space Z onto
X and Y be a countable subset of X. By virtue of Corollary 11.3 there exists a Gδ-subset
Z1 of Z such that Y1 = f (Z1) ⊇ Y and f |Z1 :Z1 → Y1 is a homeomorphism. The space
Z1 is a Prohorov space as a Gδ-subspace of a Prohorov space. The proof is complete. 
14. Examples
Example 14.1. Let C0 = {(x,0): 0 < x  1}, C1 = {(x,1): 0  x < 1} and the topology
on X = C0 ∪ C1 be generated by the open base consisting of sets of the form Vn(x,0) =
{(x,0)} ∪ {(y,0): x − 2−n < y < x} ∪ {(y,1): x − 2−n < y < x}, where 0 < x  1 and
n ∈ N , Vn(x,1) = {(x,1)}∪ {(y,0): x < y < x+2−n}∪ {(y,1): x < y < x+2−n}, where
0 x < 1 and n ∈ N . The space X is called the two arrows space of P.A. Alexandroff and
P. Urysohn (see [2, p. 270]).
The space X is a hereditarily separable, hereditarily Lindelöf and perfectly normal com-
pact space. The subspaces C0 and C1 of X are homeomorphic to the Sorgenfrey line (see
[17, p. 39]). Every metrizable subspace of X is countable.
Recall that a space Z is scattered if every non-empty subspace has an isolated point.
We claim that for every non-empty subspace Y of X the following conditions are equiv-
alent:
(1) Y is scattered;
(2) Y is an open continuous image of some metric Prohorov space.
(3) Y is a metric Prohorov space.
If Y ⊆ X is scattered, then Y is a sieve-complete space (see [14, Corollary 1.4.4]). Thus,
Y is a metric Prohorov space. The implications (1) → (3) and (1) → (2) are proved. Let
Y be a metric Prohorov subspace of X. Then Y is countable. A countable metric space
is Prohorov if and only if it is ˇCech complete (see [35,28]). A ˇCech complete countable
space is scattered. The implication (3) → (1) is proved. Let Y be not scattered and Y be an
open continuous image of some metric Prohorov space. Then Y has a non-empty countable
subspace Z1 without isolated points. By virtue of Proposition 12.4, there exists a metric
Prohorov subspace Z of Y such that Z1 ⊆ Z. Then Z is scattered, a contradiction. The
implication (2) → (1) is proved.
In particular, X is not an open continuous image of any metric Prohorov space. As a
compact space, X is Prohorov. We mention that the Sorgenfrey line is not an open contin-
uous image of any metric Prohorov space.
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open continuous image of a metric space. This fact is not true in the class of Prohorov
spaces.
The following example is due to E. Michael [27], A.A. Balkema (see [35]) and C. Leger
(see [15,35]).
Example 14.2. Let Z = {(x, y): 0 x  1, 0 y  1} be a subspace of R×R,Y = [0,1]
and f (x, y) = x for every (x, y) ∈ Z. Consider the family {Fα: α < 2ℵ0} of all compact
subsets F of Z for which the set f (F ) is uncountable. There exist the subsets A = {xα: α <
2ℵ0} and B = {yα: α < 2ℵ0} of Y such that:
• A∩B = ∅;
• if α < β < 2ℵ0 , then xα = xβ and yα = yβ ;
• xα, yα ∈ f (Fα) for any α < 2ℵ0 .
For every α < 2ℵ0 we fix a point tα ∈ Y such that (xα, tα) ∈ Fα .
Let H = {(xα, tα): α < 2ℵ0},X = Z \H and g = f |X. Then:
• g :X → Y is an open continuous surjection;
• |f−1(y) \ g−1(y)| 1 for any y ∈ Y ;
• all fibers g−1(y) are locally compact subspaces of X;
• the mapping g is not uniformly ˇCech complete;
• for every compact subset Φ of X the set g(Φ) is countable;
• P(f ) : P(X) → P(Y ) is not a surjection;
• if μ ∈ Mr(Y ) and suppY (μ) is uncountable, then μ /∈ M(g)(Mr(X));
• X is not a Prohorov space;
• every non-empty Gδ-subset of X is a Baire space.
Example 14.3. Let Y = {(x, y): 0  x  1, 0  y  1} be a subspace of R × R, X =
{(x, y): 0 x  1, −1 y  1} and f (x, y) = (x.|y|) for any (x, y) ∈ X.
If (x, y) ∈ X,r > 0 and y = 0, then O(x,y, r) = {(u, v) ∈ X: sup{|x−u|, |y−v|} < r}.
If (x,0) ∈ X and r > 0, then O(x,0, r) = {(u, v) ∈ X: v  0, sup{|x − u|, |v|} < r} ∪
{(u, v) ∈ X: |x − u| < r, 0 v < r|x − u|}.
Consider the topology on X generated by the open base {O(x,y, r): (x, y) ∈ X, r > 0}.
Then:
• f :X → Y is an open continuous mapping;
• |f−1(x, y)| 2 for any (x, y) ∈ Y ;
• the mapping f is inductively perfect;
• Y is a metric compact space and a Prohorov space;
• X is a first countable completely regular Hausdorff space;
• X+ = {(x, y) ∈ X: y > 0} and X− = {(x, y) ∈ X: y  0} are locally compact separa-
ble metrizable subspaces of X;
• X is a union of two Prohorov subspaces X+ and X−, and X− is a compact subspace
homeomorphic to Y ;
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is the Lebesgue measure on the interval Fn = {(x,2−n): 0 x  1} ⊆ X, then the set
Φ = {μ0,μ1, . . . ,μn, . . .} is a compact subset of the space P(X), and the set Φ is not
uniformly tight;
• X is not a Prohorov space;
• X is not an A(k)-space.
Theorem 14.4. Let φ :X → Y be a continuous mapping of a space X onto a Prohorov
space Y , and for every compact subspace F of Y the subspace φ−1(F ) be a Prohorov
space. Then X is a Prohorov space.
Proof. See [14, Theorem 6.3.3]. 
Corollary 14.5. Let T be a completely regular topology on a set X, Tk = {U ⊆ X: U ∩ F
is open in F for every compact subset F of the space (X,T )}, T ′ be a completely regular
topology on X and T ⊆ T ′ ⊆ Tk . If (X,T ) is a Prohorov space, then (X,T ′) is a Prohorov
space too.
Corollary 14.6. Let T and T ′ be completely regular topologies on a set X,T ⊆ T ′, (X,T )
be a Prohorov space and every compact subset of (X,T ) be finite. Then (X,T ′) is a Pro-
horov space.
Proposition 14.7. Let X = {a}∪X1 and Y = {b}∪Y1 be countable spaces, X1 be a dis-
crete subspace of X, Y1 be a discrete subspace of Y , every compact subset of X be finite,
f :X → Y be a continuous compact mapping of X and f−1(b) = {a}. Then there ex-
ist a countable completely regular space Z and an open continuous compact mapping
g :Z → Y of Z onto Y such that:
(1) X is a closed subspace of Z, f = g|X and g−1(b) = {a}.
(2) The subspace Z1 = Z − {a} is discrete and every compact subset of Z is finite.
(3) X is a Prohorov space if and only if Z is a Prohorov space.
Proof. Let X1 = {an: n ∈ N}, Z = X ∪ (X1 ×N) and Z1 = Z \ {a}. We put g(x) = f (x)
for every x ∈ X and g(an,m) = f (an+m) for every (an,m) ∈ X1 × N . On Z consider the
topology with the open base T = {{z}: z ∈ Z1} ∪ {U ∪ ((U ×N)∩ g−1(V )): U is open in
X and V is open in Y }. It is obvious that g is continuous and X is a closed subspace of Z.
Let n ∈ N and s(n) = max{m: am ∈ f−1(f (an))}.
By the construction, g−1(g(an)) ⊆ f−1(g(an))∪{(ai,m): i+m s(n)}. Thus, g−1(y)
is finite for every y ∈ Y .
Let U be an open subset of X and V be an open subset of Y .
We put H = U ∪ ((U × N) ∩ g−1(V )) and W ⊆ g−1(V ). If a /∈ U or b /∈ V , then
W ⊆ Y1 and W is open in Y . Suppose that a ∈ U and b ∈ V . Then ak ∈ U for some k ∈ N .
The set V1 = V \ {f (ai): i  k} is open in Y , b ∈ V1 and V1 ⊆ W . Thus, g is an open
mapping. Consider the mapping h :Z → X, where h(x) = x for all x ∈ X and h(x,n) = x
for all x ∈ X1 and n ∈ N .
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pact subset F of X the subspace h−1(F ) of Z is discrete. Thus, h−1(F ) is a Prohorov
subspace for every compact F ⊆ X. Therefore if X is Prohorov, then Z is a Prohorov
space too. If Z is a Prohorov space, then X is a Prohorov space as a closed subspace. The
proof is complete. 
Proposition 14.8. Let S = {0} ∪ {n−1: n ∈ N} ⊆ [0,1] be the convergent sequence. Then
there exist a non-Prohorov space Y , a Prohorov space X, an open continuous compact
mapping ϕ :Y → S of Y onto S and an open continuous compact mapping ψ :X → Y of
X onto Y such that:
(1) There exist a ∈ X and b ∈ Y such that ϕ−1(0) = {b} and ψ−1(b) = {a}.
(2) Every compact subset of X is finite.
(3) Every compact subset of Y is finite.
(4) The subspaces X \ {a} and Y \ {b} are discrete and countable.
Proof. Let F = {H ⊆ N : limn→∞(n−1 · |H ∩ {1,2, . . . , n}|) = 1}. Suppose that b /∈ N .
We put Y1 = N ∪ {b}. On Y1 consider the topology generated by the open base {{n}: n ∈
N} ∪ {{b} ∪ H : H ∈ F}. The space Y1 is the Appert space (see [32,35,37]), and Y1 is not
a Prohorov space.
The mapping ϕ1 :Y1 → S, where ϕ1(b) = 0 and ϕ1(n) = n−1 for every n ∈ N , is con-
tinuous and one-to-one.
Let Y = Y1 ∪ (N × N), ϕ(y) = ϕ1(y) for any y ∈ Y1 and ϕ(n,m) = ϕ1(n + m) for all
n,m ∈ N . On Y we consider the topology generated by the open base {{y}: y ∈ Y \ {b}} ∪
{U ∪ ((U ×N)∩ϕ−1(V )): U is open in Y1 and V is open in S}. The mapping ϕ :Y → S is
open continuous, ϕ−1(0) = {b}, and the set ϕ−1(t) is finite for every t ∈ S. Every compact
subset of Y is finite, Y1 is a closed subspace of Y and the subspace Y2 = Y \ {b} is discrete.
Thus, Y is not a Prohorov space.
Let a /∈ Y and X1 = {a} ∪ Y2 = {a} ∪ (Y \ {b}). On Y2 there exists an ultrafilter F ′ such
that {H ⊆ Y2: H ∪ {b} is open in Y } ⊆ F ′. On X1 consider the topology with the open
base {{y}: y ∈ Y2} ∪ {{a} ∪ H : H ∈ F ′}. Then X1 is a subspace of the space βY2, and
R. Haydon [21] has proved that every subspace Z of βN whose compact subsets are finite,
is Prohorov. The spaces βN and βY2 are homeomorphic. Thus, X1 is a Prohorov space.
The mapping ϕ1 :X1 → Y where ϕ1(a) = b and ϕ1(y) = y for all y ∈ Y2, is one-to-one and
continuous. By virtue of Proposition 13.7, there exists a Prohorov space X = X1 ∪(Y2 ×N)
and an open continuous mapping ϕ :X → Y such that ϕ−1(b) = {a}, the compact sets in X
are finite, the set ϕ−1(y) is finite for every y ∈ Y , and X2 = X \ {a} is a discrete subspace
of X. The proof is complete. 
In [35] F. Topsoe raised the problem: Is a continuous open image of a Prohorov space
a Prohorov space? From Proposition 13.2 it follows that in general the answer is not “yes”
(see [14,10]).
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We mention that the following questions remain open:
Question 15.1. Is a continuous open image of a metric Prohorov space a Prohorov space?
Question 15.2. Is a continuous open image of a first countable Prohorov space a Prohorov
space?
Question 15.3. Is a continuous open image of a paracompact Prohorov p-space a Prohorov
space?
Question 15.4. Is a continuous open image of a paracompact Prohorov k-space a Prohorov
space?
Question 15.5. Is a continuous open compact image of a first countable Prohorov space a
Prohorov space?
Question 15.6. Is a continuous closed image of a metric Prohorov space a Prohorov space?
Question 15.7. Let X be a Prohorov metric space. Is it true that P(X) is a Prohorov space?
Question 15.8. Let ϕ :X → Y be an open continuous uniformly ˇCech complete mapping
of a paracompact space X onto Y . Is it true that the mapping P(ϕ) is uniformly ˇCech
complete?
Question 15.9. Let X be a metacompact A(k)-space. Is it true that P(X) is a metacompact
A(k)-space?
Question 15.10. Is it true that every paracompact Prohorov space is an open continuous
image of some zero-dimensional (paracompact) Prohorov space?
Question 15.11. Is it true that every compact space is an open continuous image of some
zero-dimensional ˇCech complete (or Prohorov) space?
Question 15.12. Let ϕ :X → Y be an open compact continuous mapping of a paracompact
p-space X onto Y . Is it true that P(ϕ) :P(X) → P(Y ) is a compact mapping?
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